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Abstract. We prove that an arbitrary Banach couple is uniquely determined by 
the collection of intermediate spaces that are interpolation spaces for the operators 
of rank one. From this we deduce a confirmation to the conjecture by Yu. A. Brudnyi 
OO ■ 3'iid N. Ya. Kruglyak that a Banach couple is uniquely determined by the collection 

of all its interpolation spaces. Some relevant problems are also analyzed. 
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Introduction 



The principal result of this paper is an exhaustive answer to a question which 
originates from the classical paper by N. Aronszajn and E. Gagliardo [1] (see also 
[3, §1, Subsection 9]): To what extent is a Banach couple determined by its inter- 
polation spaces? Namely, we prove that an arbitrary Banach couple is uniquely de- 
termined by the collection of all its interpolation spaces. Note that Yu. A. Brudnyi 
^ i and N. Ya. Kruglyak conjectured that this holds true and posed the corresponding 

problem [4, Conjecture 2.2.32 and Problem 2.7.4(a)]. 

Also, we examine a similar problem for exact interpolation. The two problems 

p^ ' are closely connected: the exhaustive solution to the second is based on that to the 

^^ , first. However, as what we mean, these are rather distinct. For example, in the 

^N ' case when the spaces of a Banach couple coincide as linear ones, the first problem 

is trivial in contrast to that solving the second has required certain efforts (see [5]). 

,S^ ' We examine the first problem in Section 2 and the second one in Section 3. In 

j^ , each of the cases, we first analyze the corresponding problem for operators of rank 

Ch ' one, and then we obtain the main result of the corresponding section as a corollary. 

• • , The main results are already published in [7] and [8] , but in contrast to those papers 

^ ' we underline the role of rank one operators here. 

'X 

H 1. Notation and Preliminaries 

In this section, we introduce notation and recall some definitions and facts from 
the theory of interpolation of linear operators in Banach spaces (see, e.g., [2], [3], 
or [4]). Also, we present the proofs of some preliminary results. 
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2 L. V. VESELOVA AND O. E. TIKHONOV 

For a Banach space E, we will denote by || • Hb the norm in E, by Be and by 

B'^ the closed and the open unit ball in E respectively, and by D the closure in 
_E of a subset D C E. We will denote by || • ||^ the norm in the conjugate space E* . 
Let E and F be two Banach spaces with E ^^ F. (Here and subsequently, the 
notation E ^^ F ior two Banach spaces E and F means that E is embedded linearly 
and continuously into F.) The embedding constant, a(F,E), is defined by 

a{F, E) = sup{ ||a;||i./||a;||B : a; G S \ {0} }. 

If lyS e -F* then, clearly, lp\e G E* . We write \\ip\\^ to denote ||<y5|B||"^ and put 

/?(£*, F*) = sup{ ll^ll^/ll^r : ^ e F* \ {0} }. 

The restriction operator ip i— > ip\E from F* into E* is adjoint to the embedding 
operator E ^ F, therefore a(F, E) = P{E*,F*). 

Lemma 1.1. Let E and F be Banach spaces with E ^^ F. Suppose that E and F 
do not coincide as linear spaces. Then there exists a sequence {</?«} C F* such that 

yj^ ^1 andyj^ ^0. 

Proof. It is well-known (e.g., [2, Lemma Ll.l]) that the unit ball Be is nowhere 

F 

dense in F. Therefore hBe does not contain Be for any natural number n. Hence 

E 

there exists a;„ G Be such that a;„ ^ uBe . It follows from the Hahn — Banach 
theorem that there exists (p„ G F* such that |[<Pn||'^ = 1 and 



SUp{\ipn{x)\ : X e hBe } < (pn{Xn)- 

Hence we have 

\\(Pn\\^ = sup{|^„(x)| : X G Be} < (y9„(x„)/n < 1/n. 

For two Banach spaces E and F, the notation E 2^ F will stand for the case 
when E and F coincide as linear spaces and their norms are equivalent, the notation 
E ^ F will stand for the case when the norms are proportional, and E = F will 
stand for the case when the norms coincide. 

Two Banach spaces X and Y are said to form a Banach couple {X, Y) if they both 
are linearly and continuously embedded into a certain Hausdorff topological vector 
space. Note that if X and Y form a Banach couple and one of them is embedded into 
another as a set, then the embedding operator is linear and continuous [2, Lemma 
1.3.3], and consequently if X and Y coincide as sets, then X ~ F. A Banach couple 
{X, Y) is called embedded if one of the spaces is embedded into another. 

To each Banach couple {X, Y) can be canonically associated two Banach spaces, 
the intersection X C\Y and the sum X + Y , with norms defined by 

\\z\\xnY = max{||z||x, H^Hy} {z (z X nY) 

and 

\\z\\x+Y = inf{||x|Ix + \\y\\Y-xeX,yeY,z = x + y} {z e X + Y). 
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A Banach space Z is said to be intermediate for a Banach couple (X, y) if Xny ^^ 
Z ^^ X + Y . The set of all intermediate spaces for a Banach couple (X, Y) will be 
denoted by I (X,r). 

We will use without reference the following assertions which hold true for any 
Banach couple (X, Y): 

a) X n F is dense in X if and only if Y is dense in X ^Y\ 

b) if X n F is dense in both X and F, then it is dense in X + F, too. 
[2; Ch. I, §3, p. 23, Corollary 1 and Corollary 2]. 

A Banach couple (X, F) is called regular if AT n F is dense in both X and Y . 
Clearly, (A, F) is regular if and only if A n F is dense in A + F. 

For two Banach couples (A, F) and (F, VK), we will write (A,F) - iy,W) if 
I(A, F) = I(y, W). Obviously, (A, F) - (F, W) if and only if A n F ~ F n VF and 

A + Fci V + W^. 

Lemma 1.2 (see [1, the proof of Corollary 10. XIV]). Suppose that for two Banach 
couples, (A, F) and {V,W), the following conditions are fulfilled: 

1) (A,F)^(F,W^), 

2)X'^V, 

3) F -^ VF. 
Then X ^V andY ^W. 

Lemma 1.3 (e.g., [2, Lemma L3.4]). Let, for a Banach couple (A, F), a subset 
D <Z X nY be dense in X and an inequality \\x\\y < c||x||x hold on D. Then X is 
embedded into Y with an embedding constant less than or equal to c. 

Next, consider certain families of linear operators in a Banach couple and relevant 
classes of the intermediate spaces. 

A linear operator T in X + F is called a bounded linear operator on a Banach 
couple (A, F) if T maps X into A and F into F boundedly. Let L{{X,Y)) stand 
for the set of all such operators. i((A, F)) is a Banach space with respect to the 
norm 

\\T\\L(ix,Yy) - max{||r|!x^x, \\T\\y^y}. 

Let i?l((A, F)) stand for the subset of the operators of rank one. 

A Banach space Z G I(A, F) is called an interpolation space relative to a Ba- 
nach couple (A,F) if T{Z) C Z for every T e i((A,F)). The collection of aU 
interpolation spaces for a Banach couple (A, F) will be denoted by Int(A, F). It 
is well-known that if Z e I(A,F), T e L((A,F)), and T{Z) C Z, then T\z is 
a bounded operator in Z. Moreover, \i Z G Int(A, F), then there exists a con- 
stant C > such that the following "interpolation inequality" holds true for any 

rei((A,F)): 

\\T\\z^z<C\\TU((x,Y))- 

If the inequality holds with C = 1 , then Z is said to be an exact interpolation space. 
The collection of all exact interpolation spaces for a Banach couple (A, F) will be 
denoted by Inti(A,F). 

When one restricts himself to considering operators of rank one, he has to dis- 
tinguish between the concept of invariant spaces and that of interpolation spaces. 
We will say that a space Z € I(A, F) is invariant for the operators of rank one 
on a Banach couple (A, F) if T{Z) C Z for every T G i?l((A,F)). The collection 
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of all such spaces will be denoted by Kl-Inv{X,Y). If there exists, in addition, a 
constant C > such that 

\\T\\z^z < C||T|U((x,r)) 

for any T G R1{{X,Y)), then we will say that Z is an interpolation space for 
the operators of rank one. The collection of all such spaces will be denoted by 
Kl-lnt{X,Y). If the last inequality holds with C = 1, then we will say that Z is 
an exact interpolation space for the operators of rank one, and we will denote the 
collection of all such spaces by Rl-Inti(X, y). 
It is immediate from the above definitions that 

inti{x,Y) c int(x,r) c i(x,r), 

Rl-Inti(X,y) C Rl-Int(X,y) C Rl-Inv(X,r) C I{X,Y), 

Int{X,Y) C Rl-Int(X,r), 

and 

Inti(X,y) C Rl-Inti(X,y). 

Note also that XnY, X + Y e Inti(X, Y). 

Proposition 1.4. Let {X, Y) and (V, W) be two Banach couples. Then 

3iV,W)c3{X,Y) ^=^ V,We3{X,Y), 

where 3 may be substituted by any of the symbols 1, Rl-Inv, Rl-Int, Int, Rl-Inti, 
or Intl. 

Proof. Let us examine the case 3 = Rl-Inv. The implication =^ is trivial. Let 
us prove the <;= . Suppose that V,W e Rl-Inv(X, Y). Let Z € Rl-Inv(y, W) and 
T e Rl{{X, Y)). Then T maps V into V and W into W boundedly. It follows that 
T\v+w G i?l((V, W)), hence T{Z) C Z. Thus Z G Rl-Inv(X,r). 

Consider another case, 3 = Inti for instance. Let us prove the <=^ . Sup- 
pose that V,W e Inti(X,r). Let Z G Inti(y,T4^) and T G L{{X,Y)). We have 
l!T||y^y < ||r||L((x.y)) and \\T\\w^w < \\T\\Liix,Y))- It follows that \\T\\z^z < 
\\T\\l{{v,w)) < nU((x,y)). Thus Z G Inti(X,y). 

The rest of the cases are treated similarly. 

Let (X, Y) and {V, W) be two Banach couples. We write {X, Y) ~ {V, W) if 
either X ~ y and F ~ T^ or X ~ I^ and F ~ F. We write {X, Y) = {V, W) if 
either X^Va.iidY = WoTX = Wa.iidY^V. 

Let 3 stand for one of the symbols: Int, Rl-Inv, Rl-Int, or I. We say that a 
Banach couple (X,Y) is uniquely determined by a collection 3{X,Y) if the impli- 
cation 

3{X, Y) = 3{V, W) =^ {X, Y) ^ {V, W) (1) 

holds true for any Banach couple {V,W). Let il(3) stand for the class of all such 
couples {X, Y). 

Now, let 3 stand for either Inti or Rl-Inti. We say that a Banach couple {X, Y) 
is uniquely determined by a collection 3{X, Y) if the implication 

3(X, Y) = 3(y, W) =^ [X, Y) ^ {V, W) (2) 

holds true for any Banach couple (V, W). Similarly to the above, we will denote by 
ii{3) the class of all such couples (X, Y). 

It is clear that the inverse implications in (1) and (2) are always hold true. 
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Proposition 1.5. 

a) 1X(I) C il(Rl-Inv) C il(Rl-Int) C il(Int). 

b) il(Rl-Iiiti) Cll(lnti). 

Proof. Let us prove that il(Rl-Inv) C II(RI-Int). Let iX,Y) e Ji(Rl-Inv) and let, 
for a Banach couple {V, W), it hold 

Rl-Int(y,l^) = Rl-lnt{X,Y). 

By making use of Proposition 1.4, we get 

Rl-lnv{V,W) = Rl-Inv(X,y). 

Hence {V,W) ~ {X,Y). Thus {X,Y) eit(Rl-Int). 
The other inclusions can be analyzed similarly. 

Remark. A Banach couple (X, Y) with X ~ F gives a trivial example of a couple 
from 11(1) . 

2. The Uniqueness of the Solution to Inverse Problem 
OF Interpolation of Linear Operators 

Throughout this section, we will denote, for short, X OY and X + Y by A and 
S, respectively. Also, we will denote by Z the closure in S of a space Z e I{X, Y). 

First, let us study when a Banach couple {X, Y) is uniquely determined by the 
collection Rl-lnv{X,Y). 

Proposition 2.1. Let (X,Y) be a Banach couple and Z E I{X,Y). Then Z G 
Rl-Inv(X, Y) if and only if at least one of the following four conditions is satisfied: 

(i) A -^ Z -^ A^ 
(ii) X ^ Z ^ X, 
(iii) Y ^ Z ^Y, 
(iv) Z ~ S. 

Proof. By [1, Theorem 7. IV], if Z G Int{X,Y) then at least one of the four con- 
ditions is satisfied. However, it was actually proved there that one of (i)-(iv) was 
satisfied whenever Z G Kl-lrw{X,Y). Therefore, it remains to show that each of 
the conditions entails that Z G Kl-Inv{X,Y). 

Let T be an operator of rank one in S, which maps boundedly X into X and Y 
into Y. Necessary, T is of the form T{-) = 'fi{-)x with tp G S*, x G S. The following 
two cases are possible: x € A and x ^ A. In the first case, T maps boundedly Z 
into Z for every Z G I{X,Y). Now, let x ^ A. We will show that if one of the 
conditions (i)-(iv) is fulfilled then T maps Z into itself. 

First, let (i) be satisfied. Since T has to map A into itself, ip\A = 0, therefore 
ip\z ~ 0, and hence T maps Z into itself. 

Next, let (ii) be satisfied. Ii x E X then, clearly, T maps Z into itself. Ii x ^ X 
then ip\x = 0, therefore (p\z = 0, and hence T maps Z into itself. 

The case (iii) is similar to (ii), and (iv) is trivial. 

Remark. The proposition shows that a Banach couple is not determined in general 
by the collection of all its intermediate spaces which are invariant for the operators 
of rank one. In fact, if {X,Y) is a regular Banach couple, then KI-Inv{X,Y) — 
Rl-Inv(A, S) = I(X,y), and if the couple is non-embedded, then iX,Y) ^ (A, S). 
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Lemma 2.2. Suppose that for two Banach couples, (X,Y) and {V,W), the follow- 
ing four conditions are fulfilled: 
1)X^Y, 

2) X is not dense in Y , 

3) {X,Y)^{V,W), 

4) Rl-Inv(y,VF) C Rl-Inv(X,y). 
Then {X,Y)~ {V,W). 

Proof. To prove the lemma, it suffices to examine all the positions oi V^W £ 
Rl-Inv(X, y) relative to (X, F), which are admissible by Proposition 2.1. 

Lemma 2.3. Suppose that the following three relations hold for a Banach couple 
{X^Y) and a non-embedded Banach couple {V,W): 

1) A is dense in neither X nor Y , 

2) {X,Y)r^{V,W), 

3) Rl-Inv(y, T4^) C Rl-Inv(X,y). 

Then (x,y)~ {y,w). 

Proof. First, note that neither X nor Y is dense in S. If one examines all admissible 
positions of F, W G Rl-Inv(X, Y) relative to (X, Y) and rejects the cases which 
entail the embeddedness of (y, W)^ then he easily sees that it suffices to consider 
the four cases only: 

— VK^ A^ 

-^W ^Y. 

Each of the cases (i), (ii), and (iii) leads loV + W '-^ X, but this contradicts the 
fact that F + VK ~ S and X 9^ S. By Lemma 1.2, (iv) imphes (X, Y) ~ (F, W), 
which completes the proof. 

It is easy to deduce the following theorem from Lemma 2.2 and Lemma 2.3. 

Theorem 2.4. Suppose that a non-regular Banach couple satisfies one of the two 
conditions: 

a) (X, Y) is embedded, 

b) A is dense in neither X nor Y . 
Then {X,Y) eit(Rl-Inv). 

We now turn to proving the fact that an arbitrary Banach couple {X, Y) is 
uniquely determined by the collection Rl-Int(X, y). 

Lemma 2.5. Suppose that for two Banach couples, (X,Y) and {V,W), the follow- 
ing conditions are satisfied: 

1) iX,Y)r^iV,W), 

2) A is dense in Y , 
3)X^V, 

4) y 9^ s, 

5) W eRl-lnt{X,Y). 
Then X c^V andY ~W. 

Proof. By Lemma 1.1, we can choose a sequence {(fin} C S* such that ||(/3„||^ — 1 
and ||(^„||^ -^ 0. Then from the condition 3) we obtain ||(^„||^ -^ 0. By making 
use of the well-known relation B^ = conv(_B^, By), we conclude that ||<y5n||^ -^ 1. 



{i)A^V^ 


>A, A- 


(ii) x^v-- 


-^X, X 


(iii) A^V - 


-^A, X 


(iv) X ^V - 


-^ X, Y 
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Since S ~ y + W, there exists a constant c > such that ||</'n||^^^ > c for all n. 
Since H^Jnll^ ~^ 0, it follows that there exist a constant ci > and a natural hq 
such that ||(/3„||^ > ci as n > no. 

By 5), there exists a constant C > such that 

||r||vi/^w < C\\T\\mx,Y)) 

for any T e R1{{X,Y)). Let us take an arbitrary x e A and consider the linear 
operators T„ of rank one given by the formula T'„(-) = ipn{-)x. Then we have 

\\Tn\\Y^Y = |t<p„||'*'||.x||y -^ \\x\\y , 

\\Tn\\w^w ^\\^n\\^\\x\\w >ci\\x\\w as n>no, 
It follows that if we take n sufhciently large then we have 

ciMw < WTnWw^w < Cniax{||T„||x^x, ||r„||y^y} < 2C|Ia;||y. 

Hence \\x\\w < (2^/01)11x11^ for all x £ A. Since A is dense in Y, we have Y C W 
by Lemma 1.3. Now, application of Lemma 1.2 completes the proof. 

Theorem 2.6. Suppose that for two Banach couples, {X,Y) and {V,W), the fol- 
lowing conditions are satisfied: 

1) {X,Y)r.{V,W), 

2) each of the couples (X,Y) and {V,W) is non-embedded, 

3) Rl-lnt{V,W) C Rl-Int(X,r). 
Then {X,Y) ^ {V,W). 

Proof. To prove the theorem, we analyze the three cases separately. 

a) Suppose, first, that A is dense in neither X nor Y . In this case, the assertion 
of the theorem follows from Lemma 2.3, since Rl-Int(y, W) C Rl-Int(X, Y) implies 
Rl-lnv{V,W) C RlTnv(X,r) (see Proposition 1.4). 

b) Next, suppose that A is dense in Y, but not in X. Recall that in this case X 
is dense in S, but Y is not. We examine all the positions of V, VF G Rl-Inv(X, Y) 
relative to {X, Y), which are admissible by Proposition 2.1, and reject the positions 
which entail that (V, W) is embedded. We see that it suffices to treaty the six cases: 

(bl) A-^y-^A, A-^I^-^A; 

(b2) y-^V-^y, A-^VK-^A; 

(b3)X-^V-^X, A^W^A; 

(b4) Y ^V ^Y^ Y ^W ^Y^ 

lh5) X ^V ^^, X^W^^; 

(b6) X ^V ^X, Y ^W ^Y. 
Each of the cases (bl), (b2), and (b4) entails that V-\-W '-^ Y, but this contradicts 
the fact that F + W ~ S and F 9^ S. The case (b5) yields X ^ VDW, which 

contradicts the fact that V DW ^ A and A '^ X. By Lemma 1.2, (b6) gives 
X ~V and Y ~ W. It remains to treaty (b3). In this case, all the assumptions of 
Lemma 2.5 turn out to be satisfied. Therefore, {X,Y) ~ (V, W). 

c) Suppose, finally, that A is dense in both X and Y. We will analyze two 
possibilities, cl) and c2). 
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cl) Let y + V^ ~ E. We proceed similarly to the proof of Lemma 2.5. We choose 
a sequence {(fin} C S* such that ||(pn|l^ — 1 and ||(pn||^ -^ 0. Then H'Pnll'''^ -^ 1 
and there exist a constant c > and a natural uq such that ||(/?n||^ > c as n > uq- 
For a; G A, we estimate the norms of the operators r„ defined by Tn{-) — ipn{-)x, 
in each of the spaces V, X, and Y. Then from V 6 Inti(X, y) we infer that there 
exists a constant ci such that ||a;||v < ci||a;||x for all x € A. But A is dense in X, 
and consequently X C V. Now, as in the case (b3), all the assumptions of Lemma 
2.5 turn out to be satisfied. Therefore, {X, Y) ~ {V, W). 

c2) Let y + y 9^ S. Again, we proceed similarly to the proof of Lemma 2.5. 
Here we take a sequence {</?«} C S* such that ||<y5n||^ = 1 and ||<y5n||^^^ -^ 0. Then 
ll'/'nll^ ^ and ||(/3n||^ -^ 0. It follows that ||(/3n||'^ -^ 1 and that there exist a 
constant c > and a natural no such that |j(/?„||^ > c as n > no. For x e A, we 
estimate the norms of the operators r„(-) ~ ipn{-)x in W, X , and Y and conclude 
that there exists a constant ci such that ||a;||n/ < ci||x||x for all a; e A. From this 
we obtain X C W, and application of Lemma 2.5 (with interchanged V and W) 
completes the proof. 

Remark. N. Aronszajn and E. Gagliardo said in [1, Remark 10. XV] that they did 
not know of any example of two Banach couples (X, Y) and {V, W) with {X, Y) 9^ 
{V, W) and satisfying the following conditions: 

1) {X,Y) r. {V,W), 

2)(X,y)9^(A,I]), 

3)(y,T^)9^(A,5]), 

4) Int{V,W) Clnt(A:,y). 
Taking into account Proposition 1.4, one sees that if two Banach couples satisfy 
all of l)-4) then they satisfy the assumptions of Theorem 2.6. Therefore, the 
realization of the conditions 1) -4) does yield (X, Y) 2± (V, W). 

Theorem 2.7. Let {X, Y) be a regular non- embedded Banach couple. Then neither 
X nor Y belongs to Rl-Int(A, S). 

Proof. Suppose on the contrary that Y G Rl-Int(A, S), for instance. 

Again, we proceed similarly to the proof of Lemma 2.5. We choose a sequence 
{(fin} C S* such that \\ipj^ = 1 and ||(^„p ^ 0. Then ||(^„||^ ^ 1 and ||(^„p ^ 
0. For X G A, we estimate the norms of the operators T„(-) = ipn{-)x in each of 
the spaces Y, A, and S. Taking into account the fact that Y G Rl-Int(A, E), we 
infer that there exists a constant c such that \\x\\y < c||a:;||s for all a; G A. But A 
is dense in S, and consequently S C y. This contradicts the assumption of that 
{X, Y) is not embedded. 

By combining Theorem 2.4, Theorem 2.6, Theorem 2.7, and Proposition 1.5, we 
obtain the following theorem and corollary, which concludes the section. 

Theorem 2.8. Let (X, Y) and (V, W) be two Banach couples with 

Rl-Int(A:,y) = Rl-lnt{V,W). 

Then (A:,y)~ (y,w). 

Corollary 2.9 [7]. Let {X,Y) and {V,W) be two Banach couples with 

Int(A:,y) =lnt{V,W). 

Then (A:,y)~ (y,w). 
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3. The Uniqueness of the Solution to Inverse Problem 
OF Exact Interpolation 

As proportional norms on a linear space define the same operator norm, we will 
replace norms by proportional ones when this is convenient. This will involve no 
loss of generality. In particular, embedding constants will be frequently assumed 
to equal 1. 

Lemma 3.1. Suppose that two Banach couples, {X,Y) and {V,W), satisfy the 
following conditions: 

1) X c^V,Y c^ W; 

2) X^X + Y; 

i)W € Rl-Inti(X,y), Y e Rl-Inti(y,iy). 
Then Y = W. 

Proof. We examine two cases separately: 

a) X is not dense ui X + Y , 

b) X is dense in X + Y . 

a) Since X is not dense in X+Y, we can find (pQ G {X+Y)* such that ||</5oll^^^ = 
1 and (/?o|x = 0. It is easy to deduce from -B^+v = conv(i3^, By) that ||(/?o||^ — 1- 
Replacing the norm in VF by a proportional one if necessary, we may and do assume 
that llyollv = llyoljiv = 1 for some yo G ^ (— W). Consider the linear operator of 
rank one given by the formula To(-) = ipo{-)yo. Then we have 

llTolU^x - ||To||y^V = 0, 
ro||y^y = ||^oiri|yo||y-l, 

roik^vy = ii^oiriboik = ii^oir. 

By 3), it follows that \\(fo\\^ = 1. 

For an arbitrary y gY c^ W, consider the operator given by So{-) = ipo{-)y. We 
have 

||5'o||y^v = ||y||y, 
ll-Solliv^w = llylliy- 

By 3), it follows that ||y||y = \\y\\w, i.e., Y = W. 

b) Arguments similar to those in the proof of Lemma 2.5 show that we can 
choose a sequence {(fin} C {X + Y)* such that ||(^n||'''" — ^ and ||<y2n||^ = 1- Then, 
from 1), we obtain ||(^„||^ -^ and ci < ||(^„||^ < C2 for some ci,C2 > 0. 

Since X is dense in X + Y, X DY is dense in Y. In particular, X OY ^ {0}. 
Without loss of generality we assume that ||a;o||y = HxqUh' = 1 for some xq £ X HY 
(~ y n W). Then the norms of the rank one operators T„(-) = (pn{')xo satisfy 

\\Tn\\Y^Y = \\(fn\\^\\xo\\Y ^ 1, 

\\Tn\\v^v = ll<^niri|a;o||v ^ 0, 

llTnlllV^IV = ||</?„||^||a;o||M' = ll'/'nll'^- 
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By 3), it follows that ||(/?„|[^ = 1 for all n is large enough. 

For an arbitrary x €^ X HY and sufficiently large n's, the norms of operators 
Sni-) = ^ni-)x satisfy 

WSuWy^y = \\x\\y, 
ll'S'nlly^y = ||(^„||^||a;||v/ -^ 0, 

By 3), it follows that \\x\\y = \\x\\w- Since X n F is dense in Y (~ W), we have 
Y ^W. 

Proposition 3.2. Suppose that an embedded Banach couple {X^Y) and another 
Banach couple (V, W) satisfy the following conditions: 

1){X,Y)^{V,W), 
2) Rl-Inti(X,r) =Rl-lnii{V,W). 
Then {X,Y) = {V,W). 

The proof of the proposition is based on a sequence of lemmas which we present 
below. Throughout the lemmas and the proof of the proposition we assume that 
X '-^Y with a{Y,X) = 1. Moreover, we fix a sequence {u„} C X with |lMn||y = 1 
and llwriltx -^ a{Y,X) ~ 1 as n ^ oo. We also fix a sequence {On} C Y* with 
||f?„ir = 1 and Oniun) = WunWv - 1. By Lemma 3.3 below, ||0„p ^ f3{X*,Y*) = 
1. 

Lemma 3.3. Let A be a bounded linear operator from a Banach space E into a 
Banach space F. Suppose that we take Xn (z E \ {0} and ipn £ F* \ {0} such 
that \\Axn\\F/\\xn\\E ^ ||^|| (" ^ oo) and (pn{Axn) = \\(p„\\^\\Axn\\F- Then 

iiAv„r/ii^„r^iiA*ii(n^oo). 

Proof. The proof is straightforward. 

Lemma 3.4. Let Z G Rl-Inti(X, y). Then the following relations hold: 

(i) \\Un\\Y/\\Un\\z{^\\Un\\z') -^ 0^{Y, Z) , 
(ii) ll^nP/ll^nir (- ll^nP) -^f3{Z%Y*), 

(iii) \\un\\z/\\un\\x ^ (x{Z,X), 
(iv) ||e„P/|ie„P^/3(X*,Z*). 

Proof. For an arbitrary ip G Y* \ {0}, consider the linear operators T„ of rank one 
defined by the formula T„(-) — ip{-)un. Then we have 

r„iiy^y = ii^iriiw„iiy = ii^ir, 

WTnWx^X = ||^||^||W„||X < |!^|r||w„||x, 
WTnWz^Z = yfWUnWz. 

Since Z G Rl-Inti(X, F), it follows that 



Mf\\Un\\z<Mr\\u^\\ 



X- 
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Thus WWx/WunWz > ||<^P/||^ir for every (fi E Y* \ {0}, therefore 

\\un\\x/\\un\\z > P{Z\Y*) = a(Y, Z). 
Hence we obtain 

(vry.^\Wn\\Y 1 II ii-l ll"«|U . II ii-l (V ry. 

a{Y,Z) > — = — = \un\\x T, TT- > \\u„\\x a{Y,Z). 

\\Un\\z \\Un\\z \\Un\\z 

Since ||u„||3^ -^ 1, it foUows that ||Mn||^ ^ oi{Y,Z), and (i) is proved. 

The relation (ii) follows from (i) and Lemma 3.3. 

The proof of (iv) is a slight modification of that of (i) . Namely, instead of r„ we 
consider for an arbitrary x G X \ {0} the operators 5'„ defined by S'„(-) ~ 9n{-)x. 

To prove (iii), we note that 

a{Z, X)a{Y, Z) = f3{X* , Z*)/3{Z* ,Y*) 
= lin.MCnmK^lin.MC = l. 



Hence 



\Un\\z _\\Un\\Y/\\Un\\x , 1 - a(Z X) 



\\Un\\x \\Un\\Y/\\Un\\z a{Y, Z) 

Lemma 3.5. Let Rl-lnti{X,Y) ^ Rl-Inti(Z, y). Then X = Z. 

Proof. We can and do assume that a{Y, Z) = 1. Clearly X ~ Z. Applying part 
(iii) and then part (i) of Lemma 3.4, we obtain for an arbitrary x Cz X \ {0}: 

"^"^ <aiZ,X)=\iu.p4^=li^pMp^ = l 



\\x\\x ' ll"n||x ||Un||y/||M«||z 

Similarly ||a;||x/||a;||z < 1. Thus X = Z. 

Proof of Proposition 3.2. If X and Y do not coincide as linear spaces then it suffices 
to apply Lemma 3.1 and Lemma 3.5. 

Now, let X ~ y. Then X ~ F ~ V - VK and also X* c^ Y* c^ V* c^ W*. 
From (i) in Lemma 3.4, we have ||un|lv"'" -^ ce{Y,V) and ||wn||^^ -^ a{Y,W). By 
interchanging the roles of X and Y in Lemma 3.4, we see that there exists a sequence 
{r]n} C X* such that 

\\vn\r 

sir ^ ""'•■"•>• "" raF^"""-""*^ 

Consider the operators r„ of rank one defined by the formula r„(-) = rin{-)un. It 
is easy to calculate their norms in each of the spaces X, Y, V, and W. Then, from 
Intf (X, Y) = Intf (F, W), we obtain 

max{l, ||M„||x||?7n||^} = niax{|lM„|[vK||??n||'^, I|wn||y||^ntr}- 
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Note that 

limmaxjl, |[m„|U||?7„||'^} = 1, 

for otherwise we can find e > and an infinite family of indices {nk} such that 
WunJxWVnJ^ >l + s. Hence 

a{Y,X)a{X,Y) = a{Y,X)f]{Y*,X*)=l[m{\\uJx\\Vn\\''r' <l, 

which is impossible. 

Clearly V or W (say, W) satisfies the following: There exists an increasing 
infinite sequence of indices {nk} such that 

max{l, ||w„JU||??nJ|-^} = ||u«Jk||?7«J|^- 
We can now write 
1 = lim h„Jkh„jr - l/{a{Y,W)p(Y*,W*)) - l/{aiY,W)a{W,Y)). 

k — *oo 

Thus a{Y^W)a{W,Y) = 1, and hence Y = W. An application of Lemma 3.5 
completes the proof. 

Proposition 3.6. Suppose that two Banach couples, {X,Y) and {V,W), satisfy 
the conditions: 

1) {X,Y):^{V,W), 

2) Rl-Inti(X,r) ==Rl-Inti(F,VF). 
Then {X,Y) ^ (y,W). 

Proof. The case of an embedded couple (X, Y) has been analyzed in Proposition 
3.2. In the case where {X, Y) is not embedded, we have X 9^ X + Y and Y 9^ X + Y, 
therefore it suffices to apply Lemma 3.1 twice. 

Finally, we present the complete analogues of Theorem 2.8 and Corollary 2.9. 

Theorem 3.7. Let (X,Y) and {V,W) be two Banach couples with 

Rl-Inti(X,y) = Rl-lnti{V,W). 

Then {X,Y) = (y,W). 

Proof. Proposition 1.4 shows that if Rl-Inti(y, W) = Rl-Inti(X, Y) then 
Rl-Int(y, W) = Rl-Int(X, Y). By Theorem 2.8, the latter yields {V, W) ~ (X, Y), 
and Proposition 3.6 gives (V, W) = {X, Y). 

Corollary 3.8 [8]. Let {X,Y) and {V,W) be two Banach couples with 

Inti(X,y) ^lnti{V,W). 
Then {X,Y) ^ (y,W). 
Proof. It suffices to apply Proposition 1.5 b). 

Concluding Remarks and Unsolved Problems. 

1. The reformulated Theorem 2.8, Corollary 2.9, Theorem 3.7, and Corollary 3.8 
can be summarized as follows: Each of the il(Inti), il(Int), il(lnt]^ ), and il(lnt ) 
exhausts all Banach couples. 

2. In the remark that concludes Section 1, we have adduced the example of a 
Banach couple from it(I). Obviously, any non-embedded Banach couple does not 
belong to il(I). We believe that to characterize the Banach couples from 11(1) is an 
interesting and nontrivial problem. 

3. Another problem that remains unsolved is to describe il(Rl-Inv) (cf. Theorem 
2.4 and Remark after Proposition 2.1). 
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